The spreading of the quantum-mechanical probability distribution density of D-dimensional hydrogenic orbitals is quantitatively determined by means of the local information-theoretic quantity of Fisher in both position and momentum spaces. The Fisher information is found in closed form in terms of the quantum numbers of the orbital.
I. INTRODUCTION
The Fisher information, originally introduced by R. A. Fisher in the theory of statistical estimation, 1,2 is the main theoretic tool of the extreme physical information principle, a general variational principle which allows one to derive numerous fundamental equations of physics: [3] [4] [5] Maxwell equations, the Einstein field equations, the Dirac and Klein-Gordon equations, various laws of statistical physics and some laws governing nearly incompressible turbulent fluid flows. Applications to a large variety of problems in theoretical physics have received a strong impulse when it was realized that the spatial distribution of the single-particle probability density ͑r ជ͒ of a many-particle system, which is the basic variable of the density functional theory, 6, 7 can be quantitatively measured by its translationally invariant Fisher information in a different and complementary manner as the Shannon entropy. Both quantities characterize the informationtheoretic content of the density ͑r ជ͒ which describes the physical state under consideration. The Shannon entropy 8, 9 is a logarithmic functional of the density, so that it is a global measure of disorder or smoothness of ͑r ជ͒. The Fisher information is the gradient functional of the density
so it has a property of locality because it is sensitive to local rearrangements of the position variable r ជ. 3, 10 The higher this quantity is, the more concentrated the single-particle density, the smaller the uncertainty and the higher the accuracy is in predicting the localization for the particle. 3, 11 The Fisher information I has been shown to be closely connected with other density functionals which characterize a number of macroscopic properties of fundamental character as well as physical observables; 3, 7, 12, 13 in particular, it represents, a constant apart, the Weiszäcker energy functional of the many-particle system. 7, 13 Moreover, it has been used ͑i͒ to build up uncertainty relations stronger than the variance-based Heisenberg principle ͑e.g., the Cramer-Rao relation͒, 3, 11, 14 ͑ii͒ to analyze the correlation problem of the many-electron systems, 15 and ͑iii͒ to identify the most distinctive nonlinear spectral phenomena ͑the avoided crossings͒ of electronic systems in external fields. 16 However, the analytical determination of the Fisher information from first principles has not been undertaken yet, even for single-particle systems. In this paper we shall calculate the Fisher information of a D-dimensional hydrogenic system in terms of D quantum numbers which characterize its orbitals not only in the position but also in the momentum representation. Emphasis will be on momentum hydrogenic orbitals, i.e., the solution to the nonrelativistic, timeindependent Schrödinger equation in momentum space describing the quantum-mechanics for the motion of an electron in the Coulomb field of a nucleus with charge +Ze. This is not only because the momentum orbitals have usually been avoided in favor of the position orbitals but also because of ͑i͒ their conceptual importance, ͑ii͒ the distribution of momenta for real ͑D =3͒ atomic systems and specifically for hydrogen atom [17] [18] [19] is nowadays experimentally accessible in atomic, molecular, and nuclear experiments, especially since the advent of the modern spectroscopy ͑e,eЈ͒, 19 ͑iii͒ the scattering phenomena are most conveniently viewed in numerical simulations by means of momentum orbitals ͑see, e.g., Ref. 20͒, and ͑iv͒ they play a very relevant role in numerous other physical processes with atoms and molecules which are governed by simple functions of the momentum transfer. 21, 22 Moreover, the D-dimensional hydrogenic orbitals are of interest as manyelectron Sturmians. 23, 24 For further details and motivation see Refs. 25-38. The position and momentum hydrogenic orbitals in D-dimensions in polar coordinates are known to be composed of an angular part and a radial part. 25, [39] [40] [41] [42] The angular part, which is common to both position and momentum cases, corresponds to hyperspherical harmonics because of the radially symmetric character of the Coulomb potential. The radial part is controlled by the Laguerre and Gegenbauer polynomials in the position and momentum representations, respectively. This is not accidental; it is associated with the well-known O͑3͒ and O͑4͒ symmetries of the hydrogen atom. [43] [44] [45] [46] The paper is structured as follows. First in Sec. II the known position and momentum wave functions of the hydrogenic system in D dimensions are described in detail, and the corresponding probability densities are explicitly shown. Then in Secs. III and IV we find closed expressions for the Fisher information of the hydrogenic orbitals in terms of the D quantum numbers which characterize them in position and momentum spaces, respectively. Finally, some concluding remarks are given.
II. THE HYDROGENIC PROBLEM IN D DIMENSIONS
In the following we fix our notation and we describe in hyperspherical polar coordinates the wave functions of the D-dimensional hydrogenic orbitals ͑i.e., the solutions to the nonrelativistic, time-independent Schrödinger equation in D dimensions describing the quantum mechanics for the motion of an electron in the Coulomb field of a nucleus with charge +Ze͒ in the configuration ͑or position͒ and momentum spaces, as well as the associated probability densities.
A. D-dimensional position orbitals
The position hydrogenic orbitals ⌿͑r ជ͒ are the solutions of the Schrödinger equation
where is the reduced mass, the position vector r ជ = ͑x 1 , 
where a = ប 2 / e 2 = ͑m e / ͒a 0 , and a 0 = ប 2 / m e e 2 is the Bohr radius, and
The associated eigenfunctions ⌿͑r ជ͒ have a radial part R͑r͒ and an angular part Y͑⍀ D−1 ͒ so that
where Y͑⍀ D−1 ͒ are the hyperspherical harmonics, i.e., the eigenfunctions of the nonradial part of the Hamiltonian, ⌳ 2 , i.e., 
with the normalization constant
where 2␣ j = D − j − 1 and C k ͑t͒ is the Gegenbauer polynomial of degree k and parameter . In addition, we have used the notation
Remark that for D = 2 there are no products, so that the corresponding spherical harmonic is just e im / ͑2͒. The spherical harmonics satisfy the orthonormalization condition
͑8͒
The radial eigenfunctions R͑r͒, i.e., the solutions of the radial Schrödinger equation
have the form
where the grand orbital angular momentum quantum number L and the adimensional parameter r are
and ␣ ͑r͒ = r ␣ e −r denotes the weight function with respect to which the Laguerre polynomials L k ␣ ͑r͒ are orthogonal on the interval ͓0,ϱ͒. And the normalization constant is given by
Then, the complete energy eigenfunctions of the D-dimensional hydrogen atom are
or, also the form
So, the probability density of the system in the configuration space ͑r ជ͒ = ͉⌿͑r ជ͉͒ 2 has the form
where Eqs. ͑5͒, ͑10͒, and ͑11͒ were taken into account, and the notation r = r / given by Eq. ͑9͒ has been used. It is worth noticing that this expression reduces to the well-known position eigenfunctions for the three-dimensional hydrogenic atom when D =3. 
B. D-dimensional momentum orbitals
Here the electron momentum p is assumed to be expressed in units of Zp , where p = ͑ / m͒p 0 , with the atomic momentum unit p 0 = ប / a 0 . And the normalization constant
Then, the corresponding probability density in momentum space ␥͑p ជ͒ = ͉⌿ nl͕͖ ͑p ជ͉͒ 2 is expressed as
Here again, for D = 3 this expression reduces to the corresponding momentum density of the three-dimensional hydrogenic atom.
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III. THE FISHER INFORMATION IN POSITION SPACE
In this section we compute the Fisher information of the D-dimensional hydrogenic orbital in configuration space, characterized by the quantum numbers ͑n , l , 2 , ... , D−1 ͒ϵ͑n , l , ͕͖͒, i.e.,
where ͑r ជ͒ is the position probability density of the orbital as given by Eq. ͑12͒, ٌ ជ D denotes the D-dimensional gradient operator given by
in the polar coordinates ͑r , 1 , 2 , ... , D−2 , ͒, and the volume element in the D-dimensional space is 
The use of Eqs. ͑11͒ and ͑17͒ into this expression allows us to write that
where we have used the orthonormalization condition ͑8͒ of the hyperspherical harmonics in the first equality, and the expectation value
for f͑r͒ = r −2 in the second equality. As well we have used the notations
for the radial component of the Fisher information I ͑D͒, and
for the ith part of the angular component. In the following we are going to show that the radial integral I R ͑D͒ has the value 
͑24͒
Taking into account that the product
one has that Eq. ͑24͒ reduces as 
͑26͒
Consideration of Eqs. ͑19͒, ͑23͒, and ͑26͒, and that the expectation value
we have found the following value for the Fisher information of the D-dimensional hydrogenic orbital in the configuration space:
ͬͮ .
͑28͒
Straightforward algebraic manipulations lead to the following simple expression for the D-dimensional position Fisher information
valid for D ജ 2. Remark that for D = 2, the summation is empty, so that it does not contribute. It is observed that the Fisher information, as the ionization energy ͓see Eq. ͑3͔͒, behaves as −2 with respect to the generalized principal quantum number ͓see Eq. ͑4͔͒. Remark that the Fisher information depends on the grand principal quantum number and the grand magnetic quantum number D−1 = ͉m͉. It is worth noticing that for D = 3 this expression boils down to
recently obtained by other means. 53, 54 One observes that the Fisher information of the real hydrogenic system, as well as the level energy, does not depend on the familiar orbital quantum number, but it does depend on the magnetic quantum number m.
Let us first compute the radial integral I R ͑D͒ given by Eq. with
allows us to write
And the integration by parts in the first integral gives rise to
where we have used of the expectation value of f͑r͒ given by Eq. ͑20͒. The use of Eqs. ͑31͒ and ͑32͒ allows us to write ͳ a 1 ͑r͒ r
so that the radial integral I R ͑D͒ is equal to
And taking into account the virial theorem
one has that
Then, since ͗r
2 and ͗r −2 ͘ has the value ͑27͒, it is straightforward to obtain the searched expression ͑23͒ for the radical position Fisher information of the hydrogenic orbital.
Let us now compute the angular integral I i ͑D͒ given by Eq. ͑22͒. To do that, according to Eq. ͑6͒ we express the involved hyperspherical harmonics as
where the constant A j , j+1 ͑j͒ was defined by Eq. ͑7͒. These functions satisfy the following properties: the normalization condition
and the differential equation ͑see, e.g., Ref 26͒:
Use of these considerations into Eq. ͑22͒ allows us to write
where an integration by parts has been performed in the second equality, and the orthogonalization condition of the harmonics Y i , i+1 ͑i͒ ͑ i ͒ were taken into account in the second equality. The normalization of these functions and the value of the integral
has allowed us to find the value given by Eq. ͑24͒ for the searched angular integral I i ͑D͒. The integral ͑35͒ can be obtained by the use of the relation between the involved spherical harmonics and the associated Legendre function P n m ͑x͒, together with the expression
IV. THE FISHER INFORMATION IN MOMENTUM SPACE
Here we calculate the Fisher information of D-dimensional hydrogenic orbital in momentum space given by so that, after an integration by parts, one has
Remark that the spherical polar angles of the momentum vector p ជ are denoted with the same symbols as in the position vector. The D-dimensional gradient operator in momentum space has the same formal expression as given by Eq. ͑17͒ with the only change r ↔ p, so that
where the angular integral I i ͑D͒ has been shown to have the value ͑26͒ in the previous section and the expectation value ͗p −2 ͘ is given by
Let us now compute the radial integral J R ͑D͒ given by
where x = p, and
The change of the variable x → y : y = ͑1−x 2 ͒ / ͑1+x 2 ͒, so that dx = ͑1− y͒ −3/2 ͑1+ y͒ −1/2 dy, allows us to write
where
This integral can be decomposed into a sum of functionals of Gegenbauer polynomials whose members can be calculated following a modus operandi similar to that described in Ref. 51 . This is done in the Appendix. We have found the value
Gathering together in Eq. ͑37͒ the values for the radial integral J R ͑D͒, the expectation value ͗p −2 ͘ and the angular integral I i ͑D͒ given by Eqs. ͑41͒, ͑38͒, and ͑26͒, respectively, one finally obtains the following expression for the Fisher information of a D-dimensional hydrogenic orbital in momentum space ͓see Eq. ͑36͔͒:
͑42͒
A straightforward algrebraic manipulation leads to the more compact expression
Here again for D = 2 the term containing the summation does not contribute since the sum is empty. In the case D = 3 this expression reduces as I ␥ ͑D = 3͒ = 2n 2 ͓5n 2 + 1 − 3l͑l + 1͒ + 3͑2l + 1͉͒m͉ − 8n͉m͉͔, which provides the Fisher information of the momentum distribution of a hydrogenic state characterized by the quantum numbers ͑n , l , m͒, already found by other means.
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V. CONCLUDING REMARKS
The translationally invariant Fisher information for D-dimensional hydrogenic systems, which is an information-theoretic measure of the localization of the quantum-mechanical distribution density of these systems all over the space, has been determined in a closed and compact form for both position and momentum spaces in terms of the dimension parameter D, the nuclear charge Z and the quantum numbers , L and D−1 = ͉m͉ of the physical state under consideration.
Finally, let us point out that this information-theoretic quantity remains to be calculated for multidimensional hydrogenic Sturmians of nonspherical character ͑e.g., parabolic, elliptic͒ [55] [56] [57] in the two complementary spaces. This work is presently being done by the authors. 
APPENDIX: CALCULATION OF THE MOMENTUM RADIAL INTEGRAL J R "D…
Here we shall prove that the radial integral J R ͑D͒ given by Eqs. ͑39͒ and ͑40͒ has the value given by Eq. ͑41͒. From Eqs. ͑39͒ and ͑40͒ one has that J R ͑D͒ can be decomposed into six different integrals as J R ͑D͒ = J R 1 + J R 2 + J R 3 + J R 4 + J R 5 + J R 6 . ͑A1͒
With the notation L+1 ͑y͒ = ͑1− y 2 ͒ L+1/2 for the weight function of the Gegenbauer polynomials C m L+1 ͑y͒, these integrals have the following values: To compute the integrals included in the six expressions considered above, we have made an intensive use of the special properties which characterize the Gegenbauer polynomials ͑e.g., the three-term recurrence relation, the orthogonality relation, etc.͒. Gathering all these J-expressions together in Eq. ͑A1͒, one obtains the searched value given by Eq. ͑41͒ for J R ͑D͒; namely, 
